We present a calculation of the η-η mixing in the framework of large-N c chiral perturbation theory. A general expression for the η-η mixing at next-to-next-to-leading order (NNLO) is derived, including higher-derivative terms up to fourth order in the four momentum, kinetic and mass terms. In addition, the axial-vector decay constants of the η-η system are determined at NNLO. The numerical analysis of the results is performed successively at LO, NLO, and NNLO. We investigate the influence of one-loop corrections, OZI-rule-violating parameters, and O(N c p 6 ) contact terms.
I. INTRODUCTION
The mixing of states is a feature of quantum mechanics and quantum field theory, which is intimately related to the symmetries of the underlying dynamics and the eventual mechanisms leading to their breaking. Prominent examples in the realm of subatomic physics include the K 0 -K 0 , D 0 -D 0 , and B 0 -B 0 mixing and oscillations, neutrino mixing, the CabibboKobayashi-Maskawa quark-mixing matrix, and the Weinberg angle [1] . In the low-energy regime of QCD, we observe a fascinating interplay between the dynamical (spontaneous) breaking of chiral symmetry, the explicit symmetry breaking by the quark masses, and the axial U(1) A anomaly. In this context, the pseudoscalar mesons η and η represent an ideal laboratory for investigating the relevant symmetry-breaking mechanisms in QCD. For example, hadronic decays, such as η ( ) → πππ and η → ηππ, test our knowledge of low-energy effective field theories (EFTs) and provide information on the light-quark masses. 1 On the other hand, electromagnetic decays such as η ( ) → γ ( * ) γ ( * ) proceed through the Adler-BellJackiw anomaly [5] [6] [7] . In the case of virtual photons, the corresponding amplitudes reveal the electromagnetic structure in terms of the transition form factors.
For vanishing up-, down-, and strange-quark masses, the QCD Lagrangian has a global U(3) L × U(3) R symmetry at the classical level (see, e.g., Ref. [8] for a discussion). The transition to the quantum level results in two main features: First, the QCD vacuum is assumed to be invariant only under the subgroup SU(3) V × U(1) V , i.e., the symmetry of the Lagrangian is dynamically broken in the ground state. Second, quantum corrections destroy the singlet axial-vector current conservation, i.e., the corresponding four divergence has an anomaly proportional to the square of the strong coupling constant g [5] [6] [7] . As a consequence of the Goldstone theorem [9] , one expects an octet of massless, pseudoscalar bosons (π, K, η 8 ). Because of the U(1) A anomaly, the singlet eta, η 1 , is massive even in the chiral limit of massless quarks [10] [11] [12] . However, invoking the large-number-of-colors (LN c ) limit of QCD [13, 14] (see, e.g., Refs. [15, 16] for an introduction), i.e., N c → ∞ with g 2 N c fixed, the U(1) A anomaly disappears, and the assumption of an SU(3) V × U(1) V symmetry of the ground state implies that the singlet state is also massless. In other words, in the combined chiral and LN c limits, QCD at low energies is expected to generate the nonet (π, K, η 8 , η 1 ) as the Goldstone bosons [17, 18] .
Massless LN c QCD is an approximation to the real world. In fact, chiral symmetry is explicitly broken by the quark masses, and SU(3) flavor symmetry is broken by the fact that the strange quark is substantially heavier than the up and down quarks [19] . As a result (of the flavor symmetry breaking), the physical η and η states are mixed octet and singlet states. By means of an orthogonal transformation with mixing angle θ, the physical η and η states, i.e., the mass eigenstates, are usually expressed as linear combinations of the octet and singlet states η 8 and η 1 [20] . Such a change of basis entails the diagonalization of the general quadratic mass matrix in the basis of SU(3)-octet and -singlet states, where the diagonal entries are given by the squares of the octet and the singlet masses [21, 22] , while the off-diagonal terms account for the SU(3)-symmetry-breaking effects [23] [24] [25] [26] [27] .
In the chiral limit, the U(1) A anomaly contributes only to the singlet mass [10] . As a result of the mixing, the anomaly contribution is transferred to both the η and η states, such that the η remains heavier than the η. A discussion of the η-η mixing in the framework of effective field theory (EFT) should consider both states as dynamical degrees of freedom and, for a perturbative treatment, the respective masses should be small in comparison with a typical hadronic energy scale. Now, in the chiral limit, the η still remains massive. For that reason, in the low-energy expansion of conventional SU(3) L × SU(3) R chiral perturbation theory (ChPT), the η does not play a special role as compared to other states such as the ρ meson [23] . However, the combined chiral and LN c limits may serve as a starting point for Large-N c chiral perturbation theory (LN c ChPT) as the EFT of QCD at low energies including the singlet field [28] [29] [30] [31] [32] [33] [34] [35] [36] , which we will also refer to as U(3) L × U(3) R effective theory.
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In the framework of LN c ChPT, one performs a simultaneous expansion of (renormalized) Feynman diagrams in terms of momenta p, quark masses m, and 1/N c . 3 The three expansion variables are counted as small quantities of order [29] 
The corresponding power-counting rules will be discussed in Sect. II. The leading-order chiral Lagrangian is not able to reproduce the experimental result for the η and η masses [37] , and higher-order terms in the 1/N c (and quark-mass) expansion must be taken into account [38] .
The inclusion of loop effects in the scheme of Eq. (1) increases the order by δ 2 . Thus, any calculation in this framework at the loop level needs then to be performed at least at next-to-next-to-leading order (NNLO). This order would demand the knowledge of the low-energy constants (LECs) of O(p 4 ) and of those of O(p 6 ) which are leading in 1/N c . The proliferation of (a priori unknown) LECs poses a challenge for any prediction within this theory and information from other sources, e.g., from a matching to physical observables or lattice simulations, will be required in order to determine the LECs. For SU(3) ChPT, the LECs at O(p 4 ) are well known, and information on some of the O(p 6 ) LECs is also provided [39] . With a suitable matching, one can translate the SU(3) values into the corresponding ones within the U(3) effective theory.
Since we take higher orders of the 1/N c expansion into account, terms violating the Okubo-Zweig-Iizuka (OZI) rule appear perturbatively in our calculations. They will be accompanied by a set of LECs which are rather poorly known at O(δ) and basically unknown at higher orders.
If we include higher-order corrections in our effective Lagrangian, the connection between the physical η and η states and the singlet and octet states is more complicated than a simple rotation. Furthermore, the description of the η-η mixing with a single mixing angle θ is not appropriate to describe the experimental data and also the axial-vector decay constants of the η-η system (at NLO) cannot be described by a simple rotation with angle θ. This problem was solved by invoking a mixing scheme with two different angles, the so-called two-angle mixing scheme [40, 41] . In recent years, the use of the two-angle scheme has been very popular and resulted in well-established phenomenological determinations of the mixing [40] [41] [42] [43] [44] [45] [46] [47] , a procedure that can also be extended to include an eventual gluonium content of these pseudoscalars (see, e.g., Refs. [48] [49] [50] ).
This work is organized as follows. In Sec. II we describe the effective field theory we will consider for our calculation by specifying the Lagrangian and the power counting. In Sec. III 2 For the sake of notational brevity, from now on we will use the terminology SU(3) and U(3) ChPT instead of SU(3) L × SU(3) R and U(3) L × U(3) R ChPT, respectively. 3 It is understood that dimensionful variables need to be small in comparison with an energy scale.
we present the calculation of the mixing angles at NNLO. Section IV deals with the η and η decay constants. In Sec. V we elaborate on the numerical analysis of the mixing, decay constants, and pseudoscalar masses with different input sets of LECs. Finally, in Sec. VI we conclude with a few remarks and an outlook of possible future work.
II. LAGRANGIANS AND POWER COUNTING
The most general Lagrangian of LN c ChPT is organized as an infinite series in terms of derivatives, quark-mass terms, and, implicitly, powers of 1/N c , with the scaling behavior given in Eq. (1):
where the superscripts (i) denote the order in δ. The rules leading to the assignments of these orders will be explained below. The properties of the building blocks are defined in Appendix A. The dynamical degrees of freedom are collected in the unitary 3 × 3 matrix
where the Hermitian 3 × 3 matrix
contains the pseudoscalar octet fields and the pseudoscalar singlet field η 1 , the λ a (a = 1, . . . , 8) are the Gell-Mann matrices, and λ 0 = 2/3 1. In Eq. (3), F denotes the piondecay constant in the three-flavor chiral limit 4 and is counted as
The pseudoscalar fields φ a (a = 0, . . . , 8) count as O( √ N c ) such that the argument of the exponential function is O(δ 0 ) and, thus, U = O(δ 0 ). Besides the dynamical degrees of freedom of Eq. (4), the effective Lagrangian also contains a set of external fields (s, p, l µ , r µ , θ). The fields s, p, l µ , and r µ are Hermitian, color-neutral 3 × 3 matrices coupling to the corresponding quark bilinears, and θ is a real field coupling to the winding number density [23] . The external scalar and pseudoscalar fields s and p are combined in the definition χ ≡ 2B(s + ip) [23] . The LEC B is related to the scalar singlet quark condensate0 in the three-flavor chiral limit and is of O(N 0 c ). In general, applying the power counting of Eq. (1) to the construction of the effective Lagrangian in the LN c framework involves two ingredients. On the one hand, there is the momentum and quark-mass counting which proceeds as in conventional SU(3) ChPT [23] : 4 Here, we deviate from the often-used convention of indicating the three-flavor chiral limit by a subscript 0. 5 Consider a generic quark bilinear of the typeq ΓF q, with Γ and F standing for matrices in Dirac and flavor space, respectively, and a summation over color indices implied. In the LN c limit of QCD, the matrix element for any such quark bilinear to create a meson from the vacuum scales like √ N c [14] .
(covariant) derivatives count as O(p), χ counts as O(p 2 ), etc. (see Table I ). We denote the corresponding chiral order by D p . The discussion of the U(3) case results in essentially three major modifications in comparison with SU(3) [29] [30] [31] : First, the determinant of U is no longer restricted to have the value 1, second, additional external fields appear, third, the conventional structures of SU(3) ChPT will be multiplied by coefficients which are functions of the linear combination (ψ + θ), where ψ ≡ √ 6η 1 /F such that det(U ) = exp(iψ). According to Eqs. (A1), the sum (ψ + θ) remains invariant under chiral U(3) L × U(3) R transformations. For example, denoting the SU(3) matrix of ordinary ChPT byÛ , the leading-order Lagrangian reads [23] 
where the symbol denotes the trace over flavor indices and the covariant derivatives are defined in Eqs. (A2). This expression is replaced by [30] 
where W 1 and W 2 are functions of (ψ + θ) and are also referred to as potentials [31] . In the limit N c → ∞, these functions reduce to constants [29] . However, for N c finite, the functions may be expanded in (ψ + θ) with well-defined assignments for the LN c scaling behavior of the expansion coefficients. In addition to the potentials, also new additional structures show up which do not exist in the SU(3) case. For example, in ordinary ChPT one finds for the trace D µÛÛ † = 0 [8] , whereas in the U(3) case one has
giving rise to a new term of the type −W 4 D µ ψD µ ψ [30] . The LN c behavior can be determined by using the following rules (see Refs. [30, 31] for a detailed account). In the LN c counting, the leading contribution to a quark correlation function is given by a single flavor trace and is of order N c [13, 14, 16] . In general, diagrams with r quark loops and thus r flavor traces are of order N 2−r c . Terms without traces correspond to the purely gluonic theory and count at leading order as N 2 c . This argument is transferred to the level of the effective Lagrangian, i.e., single-trace terms are of order N c , double-trace terms of order unity, etc. 6 In other words, we need to identify the number N f t of flavor traces. In particular, because of Eq. (6), the expression D µ ψ implicitly involves a flavor trace (see footnote 7 of Ref. [31] ). Furthermore, when expanding the potentials, each power (ψ + θ) n is accompanied by a coefficient of order O(N −n c ). The reason for this assignment is the fact that, in QCD, the external field θ couples to the winding number density with strength 1/N c . In a similar fashion, D µ θ (as well as multiple derivatives) are related to expressions with O(N −1 c ).
7 Denoting the number of (ψ + θ) and D µ θ terms by N θ , the LN c order reads [30, 31] 
6 When applying these counting rules, one has to account for the so-called trace relations connecting singletrace terms with products of traces (see, e.g., Appendix A of Ref. [51] ). 7 Note that we do not directly book the quantities (ψ + θ) or D µ θ as O(N −1 c ), but rather attribute this order to the coefficients coming with the terms.
The combined order of an operator is then given by
In particular, using Eq. (8) allows us to identify the LN c scaling behavior of the LEC multiplying the corresponding operator. The leading-order Lagrangian is given by [29, 31] 
Comparing with Eq. (5), we identify
as the leading-order term of the expansion of the functions W 1 and W 2 which, because of parity, are even functions. On the other hand, the last term of Eq. (9) originates from the second-order term of the expansion of W 0 . The constant τ = O(N 0 c ) is the topological susceptibility of the purely gluonic theory [29] . Counting the quark mass as O(p 2 ), the first two terms of L , where k = 4, 6, . . . is the number of interacting pseudoscalar fields [31] . The dependence on N c and p originates from the powers of F and the two derivatives, respectively. When discussing QCD Green functions of, say, pseudoscalar quark bilinears, there will be a factor BF = O( √ N c ) at each external source (see sec. 4.6.2 of Ref. [52] ), such that an n-point function is of the order p may be absorbed in the coupling constants F , B, and τ [31] . In particular, τ now has to be distinguished from the topological susceptibility of gluodynamics. We only display the terms relevant for our calculation, in particular, we set v µ ≡ (r µ + l µ )/2 = 0 and keep only a µ ≡ (r µ − l µ )/2, which is needed for the calculation of the axial-vector-current matrix elements:
where
and the ellipsis refers to the suppressed terms. The first two terms of L [51, [53] [54] [55] , and the generalization to the U(3) case has recently been obtained in Ref. [56] . For the present purposes, at NNLO, the relevant pieces of L (2) can be split into three different contributions of
The coupling v c ) and originates from the expansion of the potentials of Refs. [29, 31] up to and including terms of order (ψ + θ)
2 . The first three terms of Eq. (14) stem from the standard SU(3) ChPT Lagrangian of O(p 4 ) with two traces and are 1/N c suppressed compared to the single-trace terms in Eq. (10) . The remaining terms of Eq. (14) are genuinely related to the LN c U(3) framework, since they contain interactions involving the singlet field or the singlet axial-vector current. Finally, the C i terms of Eq. (15) are obtained from single-trace terms of the SU(3) Lagrangian of O(p 6 ) [53] . As there is, at present, no satisfactory unified nomenclature for the coupling constants, for easier reference we choose the names according to the respective references from which the Lagrangians were taken. In our calculation we do not include external vector fields, i.e., v µ = 0. The L 46 , L 53 terms in L (1) are not needed for the calculation of the mixing. They enter, however, in the calculation of the decay constants of the axial-vector-current matrix elements.
Last but not least, we summarize the power-counting rules for a given Feynman diagram, which has been evaluated by using the interaction vertices derived from the effective Lagrangians of Eq. (2). Using the δ counting introduced in Eq. (1), we assign to any such diagram an order D which is obtained from the following ingredients: Meson propagators for both octet and singlet fields count as O(δ −1 ). Since meson fields are always divided by 
III. CALCULATION OF THE MIXING ANGLE
For m u = m d =m = m s , the physical η and η mass eigenstates are linear combinations of the mathematical octet and singlet states η 8 and η 1 . Our aim is to derive a general expression for the η-η mixing at the one-loop level up to and including NNLO in the δ counting. To that end, we start from an effective Lagrangian in terms of the octet and singlet fields and perform successive transformations, resulting in a diagonal Lagrangian in terms of the physical fields. Because of the effective-field-theory nature of our approach, the starting Lagrangian will contain higher-derivative terms up to and including fourth order in the four momentum. The parameters of the Lagrangian are obtained from a one-loop calculation of the self energies using the Lagrangians and power counting of Sec. II. The Lagrangian after the transformation will have a standard "free-field" form.
Let us collect the fields η 8 and η 1 in the doublet
Quantity
Dynamical field ψ 1 1 1
External field θ 1 1 1
External currents v µ and a µ 1 p δ
External fields s and
Topological susceptibility τ 1 1 1 In terms of η A , at NNLO the most general effective Lagrangian quadratic in η A is of the form
Note that the fields η 8 and η 1 count as O( √ N c ) and a single derivative as O(p). The symmetric 2 × 2 matrices K A , M A is non-diagonal at that order. The "kinetic" matrix K A receives NLO and NNLO corrections. Finally, the last term in Eq. (18), containing higher derivatives of η A , originates from the C 12 term of the O(δ 2 ) Lagrangian in Eq. (15) . Our first step is to perform a field redefinition to get rid of the higher-derivative structure in Eq. (18) [57, 58] ,
The entries of C A are of O(p 2 ) and the d'Alembertian operator counts as O(p 2 ). The field transformation is constructed such that, after inserting Eq. (26) into Eq. (18), the last term is canceled by a term originating from the first term in Eq. (18) . Moreover, we obtain additional terms originating from the "mass term" of Eq. (18) which now contribute to the new kinetic matrix. Finally, we neglect any term generated by the field transformation which is beyond the accuracy of a NNLO calculation. Using the relation φ φ = ∂ µ (φ∂ µ φ)−∂ µ φ∂ µ φ for the components of η B , and neglecting total-derivative terms, the Lagrangian after the first field redefinition is of the form
where δ A are given by
where ∆M 2 j (i) denotes corrections of O(δ i ). The next step consists of diagonalizing the kinetic matrix K B in Eq. (28) up to and including O(δ 2 ) through the field redefinition
such that
Writing K B as
and making an ansatz for the symmetric matrix √ Z of the form
we obtain from Eq. (33) the conditions
The matrix √ Z is, therefore, given by
In terms of η C , the Lagrangian reads
with the mass matrix given by
Up to and including second order in the corrections δ 
(1) −δ
(1) 81
Finally, to obtain the physical mass eigenstates, we diagonalize the matrix M 2 C by means of an orthogonal transformation,
R ≡ cos θ [2] −sin θ [2] sin θ [2] cos θ [2] ,
The superscript [2] refers to corrections up to and including second order in the δ expansion. Introducing the nomenclature η P for the physical fields and M 2 P for the diagonal mass matrix,
the Lagrangian is now of the "free-field" type,
Equation (42) yields three relations,
which define the mixing angle θ [2] calculated up to and including O(δ 2 ). First, from Eq. (45) we infer sin 2θ [2] = 2M 2 81
Adding Eqs. (43) and (44), we obtain
In the end, we subtract Eq. (44) from Eq. (43), take the square of the result, add the square of 2 × Eq. (45), and take the square root of the result to obtain
This equation implies that Eq. (46) can also be written as sin 2θ [2] = 2M
2 81
The transformation from the octet fields η A to the physical fields η D can be summarized as
where the transformation matrix T is given by
with
Up to this point, the procedure for defining a mixing angle in terms of successive transformations is rather general. We now turn to a determination of the quantities δ 
, and L (2) of Eqs. (9), (10), and (13)- (15) . The self energy calculated from the Lagrangian in Eq. (18) takes the form where the Σ ij (p 2 ) are parametrized up to and including O(δ 2 ) as
We now obtain the elements of the kinematic matrix K A , the mass matrix M 2 A , and the matrix C A by comparing the results for the self energies calculated by means of the Feynman diagrams ( Fig. 2) with the parametrization given in Eqs. (55)- (57) .
The NLO contributions to the kinetic matrix read
where M π , M K , and F π denote the physical pion and kaon masses, and the physical piondecay constant, respectively. The difference between using physical values instead of leadingorder expressions in Eqs. (58)- (60) is of NNLO and is compensated by an appropriate modification of the O(δ 2 ) terms. The NNLO expressions for M π , M K , and F π are displayed in Appendix B.
The entries of the mass matrix M 2 A are defined in Eqs. (29)- (31) in terms of leadingorder, δ 1 , and δ 2 pieces. The leading-order masses are given in Eqs. (22)- (25) . In terms of the physical pion and kaon masses, and the physical pion-decay constant, the first-order corrections read
∆M 2 81
The corresponding NNLO expressions for the kinetic and mass matrix elements can be found in Appendix C.
IV. DECAY CONSTANTS
The decay constants of the η-η system are defined via the matrix element of the axial-
where a = 8, 0 and P = η, η . Since both mesons have octet and singlet components, Eq. (64) defines four independent decay constants, F a P . We parametrize them according to the convention in [32]
This parametrization is a popular way to define the η-η mixing within the so-called twoangle scheme [40] [41] [42] [43] [44] [45] [46] [47] . The angles θ 8 and θ 0 and the constants F 8 and F 0 are given by
To determine the decay constants F a P , we calculate the Feynman diagrams in Fig. 3 . First, we calculate the coupling of the axial-vector current to the octet and singlet fields φ b , collected in the doublet η A , at the one-loop level up to NNLO in the δ counting. The result, which should be interpreted as a Feynman rule, is represented by the "matrix elements" F ab = 0|A a µ (0)|b . In a next step, we transform the bare fields η A to the physical states using the transformation T in Eq. (51). The decay constants F a P are then given by
At leading order, the decay constants read in terms of the leading-order mixing angle θ [0] given in Eq. (46). Equation (66) then yields
. The NLO decay constants are given by
now in terms of the NLO mixing angle θ [1] . Using Eqs. (66) and (67), one obtains
2 ,
and
The results for the decay constants at NNLO are lengthy and are given in Appendix B.
V. NUMERICAL ANALYSIS
In the following, we perform the numerical evaluation of the mixing angle, the masses of the pseudoscalar mesons, and their decay constants. We present the results in a systematic way, order by order.
A. LO
At leading order, the mixing angle is given by Eq. (49) which reduces to sin 2θ
This equation is well suited to study the two limits, the flavor-symmetric case, i.e., M 2 π = M 2 K , and the limit N c → ∞. In the flavor-symmetric limit, the mixing angle vanishes,
On the other hand, in the LN c limit, the U(1) A contribution to the η mass vanishes, i.e., M 2 0 = 0, and the mixing angle becomes independent of the pseudoscalar masses sin 2θ 
and obtain sin 2θ
Evaluating these results for physical masses M At NLO, still only tree diagrams contribute, since loop contributions are relegated to NNLO. Beyond F , Bm, Bm s , and τ , the four NLO LECs L 5 , L 8 , Λ 1 , Λ 2 appear and need to be fixed. Since there are, at present, no values for all of the NLO LECs in U(3) ChPT available in the literature, we follow two different strategies to fix the coupling constants:
1. We design a compact system of observables calculated within our framework of LN c ChPT and determine the LECs by fixing them to the physical values of the observables. Our set of observables consists of
η . In addition, we need the quark mass ratio m s /m, which we take from Ref. [59] . The experimental values for the masses and decay constants are taken from Ref. [1] , reading
2. We use phenomenological determinations of some constants obtained in SU(3) ChPT, for example, Tab. 1 from Ref. [39] .
We start with the first strategy and begin by fixing M 2 0 to the physical M 2 η using the relation
which follows from Eqs. (47) and (48) . After expressing M 2 0 in terms of M 2 η , the parameters Λ 1 and Λ 2 appear only in the QCD-scale-invariant combinationΛ = Λ 1 − 2Λ 2 [31] in the expressions for our observables and the mixing angle. Using the ratio m s /m = 27.5 from Ref. [59] , the parameters Bm, L 5 , L 8 ,Λ can be unambiguously obtained from the NLO relations for the physical values of
The results for the LECs are shown in Tab. II labeled NLO I. Notice that at this order no EFT-scale dependence is introduced yet, so these LECs are scale independent. We also display errors for all calculated quantities. These errors are only due to the input errors. We do not give estimates for the errors due to neglecting higher orders or particular assumptions of our models. As input errors we consider the errors of F K /F π , F π , m s /m and later, when we make use of LECs determined in SU(3) ChPT [39] , we also take their errors into account.
Once the set of LECs is determined, we can evaluate the LO pseudoscalar masses, the η-η mixing angle, and the pseudoscalar decay constants. For the calculation of the parameters θ 8 , θ 0 , F 8 , F 0 , we use the simplified formula at NLO given in Eqs. (75) and (76). The quantities M 2 0 and F 0 depend on the QCD-renormalization scale [31] . Therefore, we can only provide the QCD-scale-invariant quantities M 2 0 /(1 + Λ 1 ) and F 0 /(1 + Λ 1 /2). We are not able to extract a value for Λ 1 from our observables, since physical observables do not depend on the QCD scale and we can only determine the invariant combinationΛ = Λ 1 − 2Λ 2 . The expressions for M 2 0 /(1 + Λ 1 ) and F 0 /(1 + Λ 1 /2) are expanded up to NLO yielding results which depend on Λ 1 only throughΛ. Table III shows the leading-order masses
, and M 2 η forΛ = 0. The mixing angle θ [1] , the angles θ 8 , θ 0 and the constants F 8 , F 0 /(1 + Λ 1 /2) are shown in Tab. IV, again under the label NLO I.
The second scenario uses values for the LECs determined phenomenologically in the framework of SU(3) ChPT. Since our calculations are performed in U(3) ChPT, we apply the appropriate matching between the two EFTs [31, 34] when we make use of SU(3) determinations. We set the matching scale of the two theories to be µ 0 = M 0 = 0.85 GeV, which is basically the value of M η in the chiral limit:
). Since SU(3) ChPT contains one-loop corrections already at NLO, the LECs depend on the scale of the effective theory µ. The SU(3) LECs are typically provided at µ 1 = 0.77 GeV. To study the scale dependence of our results, we evaluate them at µ = 0.77 GeV and at µ = 1 GeV, which is the scale of M η . Combining the matching at µ 0 and the running from µ 1 to µ results in [31, 34] :
(µ 1 ) + 11 144 1 16π 2 ln
The constant L 18 does not appear in SU(3) ChPT, but we include its running for completeness, since the running from the scale µ 2 = 1 GeV will be needed later.
The LO quantities 
C. NLO+Loops
Before considering the full NNLO corrections, we first discuss the case where we just add the loop contributions to the NLO expressions. Since the loop corrections do not contain any unknown parameters, we can use exactly the same system of equations from the NLO I scenario in the previous section to obtain the desired LECs. Figure 4 shows the dependence of M 2 η onΛ for the different scenarios discussed so far. We notice that the dependence is quite strong. After the inclusion of the loops and the scale-dependent parts of the 1/N c -suppressed
η is independent of the renormalization scale µ (compare solid and dashed red lines). 
D. NNLO
At NNLO, there are too many unknown LECs, which cannot be determined from our chosen set of observables. This means that it is not possible to consistently determine all LECs appearing at NNLO within our framework of LN c ChPT. So we can only employ the second strategy and make use of phenomenological determinations of the LECs L i and C i in SU(3) ChPT. We are then left with five completely unknown LECs,
2 , and the combination L 46 + L 53 , which are related to the singlet field. First, we investigate the case with C i = 0. We match the L i from SU(3) to U(3), according to Eq. (84), and take their values from the column "p 4 fit" in Tab. 1 in Ref. [39] . Since a NNLO calculation in the δ counting includes contributions of the type NLO×NLO, e.g., products of L i , the results depend on the EFT scale µ. We display results for two different scales, µ = 0.77 GeV and µ = 1 GeV. We choose
= L 46 = L 53 = 0 at µ 2 = 1 GeV, which, together with the U(3)-SU(3) matching, results in L r 7 ≈ 0 (at µ = 1 GeV). We can then fix one OZI-rule-violating LEC, which we choose to be L 25 , to the physical value of M Finally, we include the contributions of the C i . The L i are treated as before in terms of running and matching, but now we use the O(p 6 ) values from Ref. [39] , i.e., column "BE14" in Tab. 3. For the C i we employ the values from Tab. 4 in Ref. [39] . In order to obtain values for the C i in U(3) ChPT, we employ the tree-level-matching relations between SU(3) and U(3) ChPT, given by [60] 
where we take F = F π and the LO value M 2 0 = 0.673 GeV 2 . We do not consider the matching at the loop level, because this is a correction beyond the accuracy of our calculation. We also do not include the dependence of the C i on the EFT renormalization scale, since this would be introduced only by two-loop effects, which are again higher-order contributions beyond our accuracy. The SU(3) values of the C i are provided without errors. They are also not very well constrained in Ref. [39] and might be only suited for the SU(3) observables studied in this reference. Therefore, we assume an error of 50% on the SU (3) Another source for the L i and C i is provided in Ref. [61] , where the LECs are computed in a chiral quark model. Since the LECs are calculated in the LN c limit, loop effects are not included, and the LECs do not depend on the EFT renormalization scale. Thus, to obtain values for the LECs in U(3) ChPT, we consider only the tree-level SU(3)-U(3) matching relations (for L 7 , C 19 , C 31 ). Further, we do not take the running of the LECs with the EFT scale into account. The one-loop contributions are evaluated at µ = 0.77 GeV and µ = 1 GeV. The OZI-rule-violating couplings are treated as in the other NNLO scenarios described above. The results are provided in Tabs. VIII-X labeled NNLO w/ Ci J, where the errors are obtained from the errors of the L i and C i given in Ref. [61] . 
E. Discussion of the results
In the following, we discuss the summaries of our results in Tabs. XI-XIII. A summary of the LECs used in the different scenarios is provided in Tabs. XIV-XVI in Appendix D. We start with the results for the masses summarized in Tab. XI. The values for the squared pion mass at LO are very close to the physical squared pion mass with deviations of ca. 10%. The LO squared kaon masses are larger than the physical value, up to about 25%, except for the NNLO w/ Ci J scenario. The positive NLO and NNLO corrections are in accordance with the findings in Ref. [39] . The LO squared pion and kaon masses, 2mB and (m + m s )B, respectively, show a renormalization-scale dependence, which is caused by the renormalization of the parameter B in U(3) ChPT. The squared singlet mass in the chiral A summary of the results for the mixing angle θ is shown in Fig. 6 . In comparison to the LO value θ = −19.6
• , in the cases without C i , θ gets shifted to values between −9
• and −14
• . The results of the NNLO w/ Ci J scenario are close to the LO value. Including the C i obtained in SU(3) ChPT (NNLO w/ Ci) leads to a drastic change of θ, where the large errors are mainly caused by the assumed 50% errors of the input C i . The mixing angle seems to be very sensitive on the values of the C i , although they are supposed to give only small contributions since they are NNLO corrections. We display the results for the angles θ 8 , θ 0 and the constants F 8 , F 0 in Figs. 7 and 8 , respectively. They are compared to other phenomenological determinations. Reference [32] determined the mixing parameters at NLO in LN c ChPT using additional input from the two-photon decays of η and η . References [40, 42, 43, 46, 47] employed the two-angle scheme to extract the mixing parameters phenomenologically from decays involving η and η , mostly the twophoton decays but other processes, e.g., η ( ) V γ with vector mesons V , were used as well [42] . Note, however, these other determinations were performed only in a NLO framework and under certain assumptions, e.g., neglecting OZI-rule-violating couplings [40] . A study of the η-η mixing at NNLO in LN c ChPT was performed in Ref. [36] , and the mixing parameters were obtained from a fit to data from Lattice QCD and input from the two-photon decays. However, the authors of Ref. [36] were also not able to determine all LECs at NNLO and therefore they put some of the LECs to zero. For θ 0 , in the cases without C i , we find values between −10 • and 0 • , which agree approximately with the other calculations. For θ 8 , the values in these cases range from −22
• to −11
• , and their absolute values are slightly smaller than those obtained from phenomenology at NLO. Also the NNLO w/ Ci J values for θ 8 and θ 0 tend to agree with the other scenarios and determinations. Again the NNLO w/ Ci scenario is an exception, with values for θ 8 and θ 0 around −33
• . These large negative values are related to the similar values for θ in this case and strongly depend on the C i . Our values for F 8 agree with most of the other calculations. Note that F 8 depends only on LECs which appear in SU(3) ChPT as well and F 8 is not affected by neglecting unknown OZI-rule-violating LECs. The errors of F 8 and F 0 /(1 + Λ 1 /2) due to the errors of the input parameters are very small, and the variation of our values in the different scenarios could serve as a better estimate of our systematic errors. For F 0 /(1 + Λ 1 /2) we find smaller values than the other works. The constant F 0 depends on the OZI-rule-violating couplings Λ 1 , L 18 , L 46 + L 53 . In our NNLO scenarios, however, all of them are set to zero, since they cannot be determined independently from the observables we study. Allowing values for Λ 1 and L 18 which are different from zero, e.g. Λ 1 ≈ 0.3 and L 18 ≈ 0.3 · 10 −3 , shifts F 0 to higher values in the range of the determinations of the other works. The values for F are mostly smaller than the physical value. This is consistent with the findings in Ref. [39] .
The NLO I case is the most consistent scenario, since it is a full calculation up to NLO in LN c ChPT and does not rely on input from other theories with different degrees of freedom or a different power-counting scheme. However, our aim was a calculation of the mixing at the one-loop level up to NNLO in the δ counting. Among these scenarios, the most complete one is NNLO w/ Ci. Note that even in this case we could not fix all parameters and set five OZI-rule-violating LECs equal to zero.
VI. SUMMARY AND OUTLOOK
We have derived an expression for the η-η mixing in the framework of LN c ChPT up to NNLO, including higher-derivative, kinetic, and mass terms. Furthermore, we have calculated the axial-vector-current decay constants of the η-η system at NNLO and determined the mixing parameters F 8 , F 0 , θ 8 , θ 0 of the two-angle scheme.
The numerical evaluation of the results has been performed successively at LO, NLO, and NNLO. At NLO, we have determined all LECs by fixing them to the physical values of the pseudoscalar masses
η , the decay constants F π , F K , and the quark mass ratio m s /m. We have compared our results with the values for the LECs obtained in SU(3) ChPT [39] . Due to the large number of LECs at NNLO, we have not been able to determine all of them through our aforementioned input quantities. Therefore, we have made use of the values obtained in SU (3) ChPT and have applied the matching relations between SU(3) and U(3) ChPT. One OZI-rule-violating parameter, L 25 , has been fixed to the physical value of M 2 η . The impact of OZI-rule-violating parameters on our observables is rather large and they cannot be neglected. In addition to using input from SU(3) ChPT, we also investigated the case where we employed LECs which were computed in a chiral quark model [61] . We have compared our results for the parameters of the two-angle scheme with other phenomenological determinations of those quantities.
The mixing angle θ and the angles θ 8 , θ 0 of the two-angle scheme depend strongly on the values of the NNLO correction given by C i terms. This leads to results which deviate very much from the determinations at LO, NLO, or NNLO without C i terms. From this observation, we conclude that the mixing angles are particularly sensitive to the expansion scheme and it remains unclear to which extent the convergence is under control.
At NNLO, it has not been possible to determine all LECs from the available experimental data. In the future, Lattice QCD may provide further information on these LECs, since it will make it possible to study the quark-mass dependence of the pseudoscalar masses and decay constants.
Our NNLO expressions for the η-η mixing can now be used to study anomalous decays, e.g. η ( ) → γγ and η ( ) → π + π − γ, consistently at the one-loop level. A further step would be the inclusion of vector mesons as explicit degrees of freedom and the investigation of P V γ processes, where P refers to pseudoscalar mesons and V to vector mesons. 
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We parametrize the group elements (
(r µ − l µ ), and χ = 2B(s + ip). Under the group G = U(3) L × U(3) R , the transformation properties of the dynamical degrees of freedom and of the external fields read
We define covariant derivatives according to the transformation behavior of the object to which they are applied:
Finally, the parity transformation behavior reads
The pion decay constant F in the chiral limit is given by
in terms of the physical decay constant F π and the physical pion and kaon masses, M π and M K , respectively. The expression for the LO pion mass
and the LO kaon mass
In loop contributions, we always use the LO mixing angle
which yields
• . The ratio of the physical kaon and pion decay constants is given by
The NNLO expressions for the decay constants of the η-η system are given by
√ 2 sin(θ [2] ) + 2 cos(θ [2] )
π L 5 sin(θ [2] ) + √ 2 cos(θ [2] ) + 3F 2 π (Λ 1 + 2) sin(θ [2] )
in terms of the physical masses M η and the physical pion decay constant F π . The mixing angle θ [2] is the NNLO mixing angle given in Eq. (49) in Sec. III. In the case where the loop contributions are added to the NLO results, the parameters of the two-angle
δ (2,tr) 1
δ (2,tr) 81 
